Sight reduction of the navigation triangle. An example using the Bygrave and   Fuller Cylindrical Slide Rules.  Francis Upchurch. 10/11/13
Introduction
Like all celnav enthusiasts, I enjoy finding my approximate position at sea using a sextant to measure various angles of the heavenly bodies, which , with a little bit of maths and accurate time, can miraculously fix my position  to within a mile or two (or five). Free apps on my phone can do the maths quickly and perfectly, but I also enjoy the non electronic, organic feel and interaction of the slide rule. Obsolete, but fun, just like the sextant. For similar lost (and found?) souls, here is one example I prepared earlier, using the Fuller and Bygrave cylindrical slide rules. 
Fuller Cylindrical Slide Rule
I have no specialist knowledge, very little maths and just like slide rules as I like sextants. My 1960s Thornton school- boy linear rule has a 10 inch scale. It is not accurate enough ( 2-3 decimal places) for navigation. The Fuller has a spiral scale up 42 feet long and therefore has accuracy from to 5-7 decimal places. It basically gives similar results to a modern calculator, but takes a little longer. I was privileged to inherit my grandfather’s Fuller 1, vintage 1920s, in perfect condition despite regular use (engineer). Too precious for the sea, and without trig functions, I built a Fuller 2 replica (with sine functions), courtesy the wonderful authentic, computer generated scales from Wayne Harrison. (see his slide rule Google site and nwharrison@sympatico.ca)
Replica Fuller 2, above Granddad’s original Fuller 1 circa 1920s
[image: D:\Pharmdoc\sailing\sliderules\fullerscanswayne\myfuller2copy\DSC_0006.JPG]
[image: D:\Pharmdoc\sailing\sliderules\FullerManual\Fuller manual2\FullerManuali.jpg]
Cover from original manual from the Fuller 1.
The details of construction will follow in a separate paper in the near future. Details on request.
Fuller 2
The Fuller 2 has the same 42 feet scales of the type 1, but has additional sine and log scales. For cosines I have to subtract from 90˚ and use the sine scale.[image: D:\Pharmdoc\sailing\sliderules\FullerManual\Fuller manual2\FullerManualx.jpg]
The method for using the sine scales is shown in the manual instructions below.
[image: D:\Pharmdoc\sailing\sliderules\FullerManual\Fuller manual2\FullerManualxi.jpg]


[image: D:\Pharmdoc\sailing\sliderules\FullerManual\Fuller manual2\FullerManualxii.jpg]
Example of a sight reduction
GHA 304˚ 22.6’
Dec 22˚ 59.5’N
LHA 298˚ 49.8’
LAT 50˚  06’.8 N
Hc (computer) 35˚ 45.6’
Az (computer ) 96˚

Formulas
Sin Alt(Hc) = (cos LHA x cos Lat x cos Dec) +/- (sin Lat x sin Dec.)
Sin Az =sin LHA(cos Dec/cos alt).
Fuller 2 worksheet.
1) Convert cosines to sines ;
Cos LHA 298˚ 49.8’= sine 28˚49’ 48’’
Cos 50˚ 06.8’= sine 39˚ 53’.
Cos 22˚ 59.5’N= sine 67˚
2) Rotate outer cylinder so lower curser S at 28˚ 49’48’’ (read 0.4822 at curser F)
3) Move curser A to 1 on outer cylinder
4) Move S to 39˚ 53’ on sine scale. (read 0.64122 at F)
5) Move 0.64122 to Curser B
6) Move S to 76˚ (read 0.9205 at F)
7) Move 0.9205 to B
8) Read  0.2846 at F make note of this result
9) Move S to 50˚ 6’ 48’’, read 0.7673 at F
10) Move curser A to 1
11) Move S to 22˚ 59’ 30’’ read 0.3905 at F
12) Move 0.3905 to B
13) Read 0.2997 at F
14) Add the 2 parts. Ie 0.2846+0.2997= 0.5843.= sin Hc
15) Set 0.5843 at F 
16) Read 35˚ 45.2’ on sine scale. = Hc
A similar process is required to  find Az. It is actually quicker to do than explain, is probably still faster than tables (just). The Fuller is bulky, with delicate brass cursers and not ideal aboard a small, wet, pitching and rolling vessel. I therefore usually prefer to use the Bygrave.
The Bygrave (AML Position line rule)
This was invented by Capt  Bygrave, RAF in the early 1920s and produced in small numbers by the Air Ministry Laboratory.  It is smaller than the Fuller ( 24 ft scales) and uses different log and trig scales to reduce the triangle by a different formula. Gary LaPook and others have described this in detail in Navlist archives. (see also the comprehensive paper by Ronald WM van Riet 2008). It is designed to reduce the navigation triangle and is not therefore a “general use “slide rule like the Fuller.
I was lucky to find a relatively cheap, rare and perfect original on ebay and made a prototype copy, with help and scales from Gary LaPook. After making the Fuller 2 replica, I then produced my Bygrave replica , using scales donated by Wayne Harrison. They are all equally accurate. So it is just the “look and feel” I was after. (My slide rule thing is largely emotional and not logical.) 
[image: C:\Documents and Settings\User\My Documents\bygrave\DSC_0063.JPG]
Original Bygrave 11A above first copy (Scales from Gary LaPook)
[image: H:\newbygravereplica\P1197356.JPG]
Bygrave Replica (scales from Wayne Harrison)
The Bygrave sight reduction process.
The instructions are printed on the curser and cylinders.
1) Find “H”, or hour angle, rules depending on size of LHA. LHA >270 therefore =( 360˚-LHA )= 360˚ -298˚ 49.8’ =61˚ 10.2’
2) Find co-latitude= 90˚ - 50˚ 06.8’ =39˚ 53.2’
3) Set S (cos scale)  to 0 , set inner (co-tan) scale (L) to Dec (22˚ 59.5’)
4) Set S to H (61˚ 10.2’) read “y” = 41˚ 19’
5) Set S to  y (41˚ 19’), set H on L
6) Set Y (Y=co-lat +y,) = 81˚ 12’
7) Read Az on L=83˚ 36’, Zn according to rules = 180˚ - 83˚ 36’ =96˚
8) Set  S to Az (83˚ 36’), set Y (81˚ 12’) to L
9) Set  S to 0, read Hc at L = 35˚ 45.5’ (can be read to 0.5’ at this part of the scale.)
With practice, I tend to get both Hc and Zn to within 1’ and in half the time it takes me to do Hc alone with the Fuller and only slightly more than with a calculator. You have to work out H, co-latitude and Y and obey the various rules for LHA and Az printed on the rule. Otherwise, there are less moves and virtually no “writing down “of intermediate results. So the Bygrave is half the size of the Fuller, much easier and quicker to use and generally accurate to within 1’. I can see why Chichester used one for his solo flights during which he had to make multiple calculations while flying his open cockpit biplane . The main issue is the regular 
[image: F:\2013-11 F slide rules\2013-11 F slide rules (8).JPG]
My slide rule collection. From top: Grandad’s Fuller 1, homemade replica Fuller 2 (Wayne Harrison scales), original Bygrave 11A circa late 1920s, providence unknown (no serial number) but perfect working condition. Homemade replica Bygrave 11A,(scales  Wayne Harrison), first homemade Bygrave (Gary LaPook scales). Original Otis King circa 1960s. ( 4 feet scales, better than linear but not good enough for navigation).
My Thornton 10 ‘school- boy slide rule from 1960s. The beginning of a passion. The blue plastic protractor is not a slide rule, but my cheap nocturnal for measuring Polaris correction. (details on request. It works!)

 servicing of the felt friction pads for perfect smooth movement without any possibility of “slippage” during operation. This could ruin your day if looking for a tiny island in the Tasman Sea on a solo flight.  (Do read Chichester on this. Unbelievable.  Do not try it at home.)
Conclusions
Cylindrical slide rules, with very long, spiral scales, are accurate enough for conventional navigation triangle calculations. The Bygrave is the quickest and easiest to use and closest to the modern calculator. The Fuller is the closest to calculators with respect to accuracy, but is very big and cumbersome, not practical on a small boat and slow. I am working on a smaller version. Watch this space. 
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C =23
b = 126 yards.
Then B = 180° — (75° + 24°) = 81°
To find a.
bsin 4 126 X sin 75°
a=—"" =
sin B sin 81°

Thus the calculation is performed as in ordinary combined
multiplication and division, except that the index S is used for
setting the sine values.

Move the cylinder until its index S marks 81° on the scale
of sines : set the movable index to 126 : move the cylinder until
its index S marks 75° on the scale of sines : read a (12323) on the
movable index.

ie, @ = 12323
To find c.
bsin € 126 X sin 24°
e — =
sin B sin 81°

Move the cylinder until its index S marks 81° on the scale of
sines: set the movable index to 126; move the cylinder until
its index S marks 24° on the scale of sines ; read ¢ (51888) on the
movable index.

ie, ¢ = 5I-888 yards.

Where the sine of an angle greater than o® is involved, we

can make use of the following :—

sin 4 = + sin (180° — A).

Example II.
Let

To find a. 120 X sin 41°

sin B sin
sin 97° = sin (180° — 97 — sin 83°.

Move the cylinder until its index S marks 83° on the scale
of sines : set the movable index to 120 : move the cylinder until
its index S marks 41° on the scale of sines : read ¢ (70318) on the
movable index.

. ¢ = 79-318 yards.
20

To find a.
bsin A 120 X sin 42° 120 X sin 42°
a = = -
sin B in g7° sin 83

Move the cylinder until its index S marks 83° on the scale
of sines : set the movable index to 120 : move the cylinder until its
index S marks 42° on the scale of sines; read & (8091) on the
movable index.

ie, a = Bo-gr yards.

Example I Two sides and one angle given.
Let a

71-3 yards
b 109-0’ yards.
B 54° 15
To find A.
Since a b
sin 4 sin B
o bsind= asin B
asin B 71:3 X sin 54° 157
oosin 4 = -
b 09

Move the cylinder until its index S marks 54° 15’ on the scale
of sines: set the movable index to 109: move the cylmd.er‘ to
bring 713 to the movable index : read A (32° 3’ 407) against
the index S on the scale of sines.

A = 32° 3 40"

To find C.
180° — (4 + B) = 180° — (32° 3' 40" + 54° 15° 0")
93° 41" 20"
To find c.
09 x sin 93° 41" 20"

bsin C

o
sin B sin 54° 15" 0"
(Note : sin 93° 41’ 20" = sin 86° 18’ 40"

Move the cylinder until its index S marks 54° 15’ 0 on the scale
of sines: sct the movable index to Tog: move the cylinder until
its index S marks 86° 18’ 40" on the scale of sines : read ¢ (13402)
on the movable index.

ie., C = 134-02 yards.

21
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FULLER CALCULATOR
MODEL No. 2
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Two-thirds full size- LOG. 2 = -3010
Fig. 3
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MODEL No. 2

This is a Fuller Calculator with two extra Scales on
the inner Cylinder in place of the Table of Data.

() A Seale of Logarithms to four decimal places.
@) A Scale of Sines from 5° 45 up to 83°.

INSTRUCTIONS FOR USING THE
LOGARITHM SCALE

dgarithm consists of two portions; a whole mumber portion,
or characteristic, and a decimal fraction or mantissa.

Por mumbers less than unity the characteristic is minus, for
example :

The log. of 04821 = 16831, or — 1 + -683r,

This may also be expressed as a quantity which is all negative
thus : —-3169,

Quantities in this form are much more easily handled when
caleulating with a slide rule, than quantities which are partly
Positive and partly negative. This fact has been made tas oF
in graduating the logarithm scale of the Fuller Calculator,

The scale has been figured to read both ways, from right to
lft and from left to right. One set of readings. (right 0 Teft)
s marked + and deals with numbers of unity o mors. o
other reading is marked — and deals with numbers of s o
unity.

To find the logarithm of a number :

1f any number on the main scale be brought to the fixed index
F, the logarithm of that number automatically appears on the

one.

17
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EXAMPLES

Find the log. of 4-4480. Bring 4448 to F and under L read
+ 6481, or — 3510, As the number dealt with is greater than
unity, obviously the plus reading is correct.

To find the log. of -259C. Being less than unity, the log.
will be minus. Bring 2500 to , and under L read : —+5868.

Suppose the log. of a_still smaller number is required, say
-02590, obviously the reading will be the same, prefixed by the
characteristic “ T,” i.c., —1-5867.

To find the antilog. of any number, the procedure is, of
course, the reverse of the foregoing.

To find the value of (24:2)**. Bring 24-2 to F, and under
the index L, read : -3837, the mantissa of the log.

The characteristic is 1, and the complete log. is 1-3837. Mul-
tiply this by 2+3 by usual method, and the result will be 3-1827 ;
set the mantissa 1827 to the index L, and under the index F,
read : 15233, the antilog.

The answer is therefore + 5233

To find the value of (-3642)%. Set -3642 to F and the log.
-4387. (Being less than unity, the negative value is taken)

Multiply this by 4-2 by usual method, and the_result will be
— 18425,

Bring — 8425 to L, and read 1437 at F, which makes the
answer -01437.

THE SINE SCALE

This scale occupies the lower half of the inner cylinder.

the other scales it is a spiral, having a total length of
mately 32 ft. resulting in a very open reading

Each division on_the scale from 5° 45" to 48° represents one
minute, but from 48° onwards cach division represents 5 minutes.
This scale is recommended to Engincers and Surveyors for
solving any expressions involving the use of Sines or Cosines.
Calculations in latitude and departure can be solved in o fr
of the time spent in working with tables, and triangles can be \Ulved

with great rapidity and accuracy.

INSTRUCTIONS FOR USE

If any angle on the Sine Scale is brought to the index S, Fig. 3,
the Sine of the angle will be found on the movable cylinder against
the fixed index F.

.. Bringing any angle on the Sine Scale to the index S is equiva-
lent to sefting F to the actual value of the Sine of the angle
concerned.

Solution of Triangles.

a b c
B —
sin 4
a bsin 4 csind
a = . —
sin B sin C
asin B csin B
A ¢ 3 J—
b sin 4 sin C
asin C bsin C
c

sin 4 sin B
hence : Given two angles and one side or two sides and the
angle opposite one of them we can solve the triangle by using
one of the above formule.

—




