My definition of an injected error is important to understand as we examine the following charts.
Injected Error in these plots is the distance in degrees from true degrees. 

True degrees are the exact term.

So if True Degrees = 47 degrees

And Injected Error = 0.1 degrees

The Evaluated Value that will be in the Trigonometric Functions will be 47.1 degrees.

The two trigonometric functions evaluated are 

         = 10 +  Log(Abs(Cos(Radians(Evaluated Value)))

And

         = 30 + Log(Abs(1/Tan(Radians(Evaluated Value)))

Our goal is to populate each table with an evaluation set of Zero to Ninety degrees, inclusive and in steps of 1.0 arcminutes.

It will be plain to all that should the Injected Error term be zero, the log Cotan function has ill defined members at 0 and 90 degrees and the log cos function a very large negative value at 90 degrees.
If we include an Injected Error, then we can control the span of tabular curve, populating each table entry because the ill defined members disappear.  When the minimum to maximum table values is known, we can then evaluate scale length.

To begin, let us suppose a Injected Error of 0.1 degrees or 6 minutes.  

[image: image1.emf]Top Curve = Log(Abs(Cotangent(Radians(Angle))))

Bottom Curve = Log(Abs(Cosine(Radians(Angle))))
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The span of the Log Cotan curve is from 30.032 to 13.787, or 16.245

The span of the Log Cos curve is from 10 to -6.213 or 16.213
Naturally, with a four step Bygrave process to derive Azimuth, we potentially have 24 minutes of error (6minutes*4steps=24minutes).  With another two steps in the Bygrave process to derive Altitude, we potentially have 36 minutes of error in the result (6minutes*2 steps=12minutes).  Needless to say, none of us would be very happy with such large errors.
Next, let us suppose a Injected Error of 0.0166666666 degrees or 1 minutes.  

[image: image2.emf]Top Curve = Log(Abs(Cotangent(Radians(Angle))))

Bottom Curve = Log(Abs(Cosine(Radians(Angle))))
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The span of the Log Cotan curve is from 30.032 to 13.787, or 16.245

The span of the Log Cos curve is from 10 to -6.213 or 16.213

Naturally, with a four step Bygrave process to derive Azimuth, we potentially have 4 minutes of error (1minutes*4steps=4minutes).  With another two steps in the Bygrave process to derive Altitude, we potentially have 6 minutes of error in the result (1minutes*2 steps=2minutes).

We are still greater than the advertized accuracy of the Bygrave, which is 1 arcminute.

This Injected Error has no advantage over the 0.1 degree Injected error in that the span is still above 16.

Next, let us suppose a Injected Error of 0.008333333 degrees or 0 minutes 30 seconds.  

[image: image3.emf]Top Curve = Log(Abs(Cotangent(Radians(Angle))))
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The span of the Log Cotan curve is from 30.032 to 13.787, or 16.245

The span of the Log Cos curve is from 10 to 6.1627 or 3.8373
Naturally, with a four step Bygrave process to derive Azimuth, we potentially have 2 minutes of error .  With another two steps in the Bygrave process to derive Altitude, we potentially have 3 minutes of error in the result .
We are still greater than the advertized accuracy of the Bygrave, but we are getting closer.  This Injected Error begins to see the advantage, in that the scale span for the Log Cos curve is reduced to only 3.8373.

Next, let us suppose a Injected Error of 0.0027777 degrees or 0 minutes, 10 seconds.  

[image: image4.emf]Top Curve = Log(Abs(Cotangent(Radians(Angle))))
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The span of the Log Cotan curve is from 30.032 to 25.9866, or 4.045

The span of the Log Cos curve is from 10 to 5.6856 or 4.314

Naturally, with a four step Bygrave process to derive Azimuth, we potentially have 40 seconds of error in the result.  With another two steps in the Bygrave process to derive Altitude, we potentially have 1 minutes of error in the result .

We are at the advertized accuracy of the Bygrave, which is 1 arcminute.

This Injected Error finally provides us with an advantage in minimize spans.  

In order to extend our accuracy of computation, we should pick an Injected Error, whose span is reasonable and the sum of 6 error terms in the Altitude result is 1/10 of the advertized accuracy of the Bygrave.  1/10 of the advertized accuracy of the Bygrave is 6 arc seconds.

Next, let us suppose a Injected Error of 0.000277777 degrees or 0 minutes 1 seconds.  
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The span of the Log Cotan curve is from 30.032 to 24.9866, or 5.04577
The span of the Log Cos curve is from 10 to 4.6856 or 5.3144
Note that the span increases, yet the total error budget is now 1/10 of our stated accuracy goal.  This is very good.
The scale length of the Log Cos, real Bygrave is 4.143 meters

The scale length of the Log Cotan, real Bygrave is 758.4 cm.

If we keep the span at 5.314, then the minimum step size in linear distance distance is then 4.143 meters / 5.314 * 0.0000000184 = .000 000 014 meters (14 nanometers).
My eyes are a bit old, so I don’t think I can see that with the naked eye.  

If we want to increase the scale length such that we can see the minimum step size, we must consider the acuity of the eye.  When I look at very fine rules, I can make out 250 microns or about ¼ mm (1/100th of an inch for Americans).

If my minimum step size is 250 microns, then I must increase the length by the ratio of 250 microns to 14 nanometers or about 17,857 times.  This yields a Bygrave scale length of about 73.98 Kilometers.  That does not appear to be a practical Bygrave slide rule, to say the least.

What is practical?  Perhaps a table mounted device, like the MHR-2, taking advantage of the increased length and barrel diameter.  Set the barrel diameter to .2 meters (~8 inches) and the barrel length to 0.5 meters.  Circumference of a circle is Pi*D, so we have .2 meters * 3.141592 = .6283 meters per turn.  If each turn is 6 mm in height, then we have 500 mm/6 mm = 83.333 turns on the barrel.  83.333 turn * .6283 meters per turn = scale length of 52.358 meters.  Then the minimum step size in linear distance is 52.358 meters / 5.314 * .0000000184 = 181 nanometers per step.  Still entirely too small to see.

However, 60 steps at 181 nanometers/step = 10 microns.  So we won’t see individual degrees at the finest end of the log (cos) scale.  
